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The problem of transient growth in compressible boundary layers is considered within the scope of partial
differential equations including the nonparallel � ow effects. As follows from previous investigations, the optimal
disturbances correspond to steady counter-rotating streamwise vortices. The corresponding scaling of the pertur-
bationsleads to the governing equations for a Görtler-type of instability,with the Görtler numberequal to zero. The
iteration procedure employs back and forth marching solutions of the adjoint and original systems of equations.
At low Mach numbers, the results agree with those for Blasius boundary-layer � ows. In the case of parallel � ows,
the method leads to the same results obtained for compressible � ows within the scope of linearized Navier–Stokes
equations. It is shown that there is an optimal spacing of the streamwise vortices and an optimal location for their
excitation.

Nomenclature
A; B; D = matrices (5 £ 5/
E = energy of the perturbation
G = energy ratio parameter in the present method
G¤ = energy ratio parameter used in the case of parallel

� ow approximation
i =

p
¡1

M = Mach number
Pr = Prandtl number
p = pressure
Re = Reynolds number, ½1U1 L=¹1
T = temperature
T0 = stagnation temperature
U = streamwise velocity component
u = streamwise velocity disturbance
V = normal velocity component
v = transverse velocity disturbance
w = spanwise velocity disturbance
x = streamwise coordinate
y = distance from the wall
z = spanwise coordinate
¯ = spanwise wave number
° = speci� c heat ratio
µ = temperature disturbance
¹ = viscosity
¼ = pressure disturbance
½ = density

Subscripts

aw = adiabatic wall condition
in = input value
out = output value
s = base � ow parameter
w = wall condition
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Superscript

T = transposed

Introduction

T HE problem of optimal disturbances, in the context of bypass
transitionto turbulence,hasbeenof great interestduring the last

decade. There are many applicationswhere transition to turbulence
occurs without exponentiallygrowing (modal growth) disturbances
such as Tollmien–Schlichting waves (see Ref. 1). According to the-
oreticaland experimentaldata, there is a great potentialfor transient
growth of the disturbance energy, even if the � ow is stable with re-
spect to wavelike perturbations.One can � nd a vast bibliographyon
the problem in the monograph by Schmid and Henningson.2

Transient growth arises from the coupling of slightly damped,
highly oblique (nearly streamwise) Orr–Sommerfeld and Squire
modes (see Ref. 2). The essenceof the couplingis the following.The
linearizedNavier–Stokes equationsfor three-dimensionalperturba-
tions are reduced to a system of ordinary differential equations for
the amplitude functionsassuming that the solutionshave a wavelike
form. The equations can be recast as the Orr–Sommerfeld equation
for the normal velocity component v and the equation for the nor-
mal vorticity. Speci� c to the normal vorticity equation is that it is
drivenby v, that is, theequationis coupledwith theOrr–Sommerfeld
equation. This coupling leads to algebraic growth, followed by ex-
ponential decay for the normal vorticity, although the solution for
the normal velocity exponentiallydecays.2

Recently,theauthorsveri� ed the potentialimportanceof transient
growth in explaining the long-standing blunt-body paradox3 and
the role of transient growth in Poiseuille pipe � ow (see Ref. 4)
and boundary-layer� ow.5 These three studies were the � rst to use a
spatialgrowth formulationof these transientgrowthproblemsrather
than the temporal growth approach.6

Temporal6 and spatial3;5 analyses of transient growth phe-
nomenon in compressible boundary layers have been carried out
within the scope of the parallel � ow approximation,leading to ques-
tions about consistent comparison of theoretical and experimental
data. Nonparallel � ow effects were incorporated into the transient
growth theory within the scope of linearized boundary-layerequa-
tionsfor thecaseofBlasiusboundary-layer� owbyAnderssonet al.7

and Luchini.8 A compressible counterpartof this model has not yet
been developed.

The objectiveof thepresentwork is to developa modelof transient
growth phenomena in compressible boundary layers that includes
nonparallel � ow effects.
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Governing Equations
We consider steady three-dimensional disturbances in a com-

pressible boundary layer over a � at plate. The characteristic length
along the plate is L. We de� ne a small parameter " D Re¡1=2 Dp

.¹1=½1U1 L/, where U is the x-velocity component and the
subscript 1 stands for freestream parameters. The streamwise co-
ordinate is scaled with L , whereas the vertical coordinate y and
spanwise coordinatew are scaled with "L D

p
.¹1 L=½1U1/. The

following scaling is assumed for the velocity disturbancesu, v, and
w; density ½; pressure ¼ ; and temperature µ :

u » U1; v » "U1; w » "U1

½ » ½1; ¼ » "2½1U 2
1; µ » T1 (1)

This scaling of the linearized Navier–Stokes equations leads to
the governing equations for Görtler instability in a compressible
boundary layer, with the Görtler number equal to zero (see Ref. 9).
The perfectgas is characterizedby the speci� c heat ratio ° D 1:4, the
Prandtl number Pr D 0:7, and viscosity is considered as a function
of the temperature in accordance with the Sutherland law. In what
follows, the stagnation temperature T0 is assumed equal to 333 K.
Using the equation of state eliminates the density disturbance. We
look for a periodic solution in the spanwise direction, that is, as an
amplitude function of x and y times exp.i¯z/, with the correspond-
ing wave number ¯ . The followingboundary conditionsare applied
to the solutions:

y D 0: u D v D w D µ D 0; y ! 1: u; w; ¼; µ ! 0 (2)

We introduce the vector–function f .x; y/ D .u; v; w; µ; ¼/T ,
where w.x; y/ is rede� ned as the amplitude function of the span-
wise velocity component times i . The latter leads to the governing
equations with real coef� cients in the following form:

.Af /x D .Df y /x C B0 f C B1 fy C B2 fyy (3)

where A; B0; B1; B2 , and D are 5 £ 5 matrices. (Their nonzero el-
ements are presented in Appendix A.) The matrix D has only one
nonzerocomponent,associatedwith @2u=@x@y, in the y-momentum
equation. This term originated from the viscous terms of the equa-
tion. Numerical tests up to Mach 3 have shown that the term can
be neglected for the optimal energy growth within an accuracy of
1%. The system of Eqs. (3) is parabolic in nature and can be solved
by means of a downstream marching procedure with initial data at
x D xin .

Optimization Procedure
For optimization,one needs to choose a norm. The Mack energy

norm10

E D
Z 1

0

µ
½s .u

2 C v2 C w2/ C ½2Ts

°½s M2
C µ 2½s

° .° ¡ 1/Ts M2

¶
dy (4)

was adopted for the optimal analysis of compressible � ow, within
the scope of the parallel � ow approximation.5;6 Unlike the scaling
(1), Eq. (4) was derived with v and w scaled with U1. The energy
ratio was de� ned as G¤ D Eout=E in, where E in and Eout correspond
to the energy values (4) at initial and downstream coordinates xin

and xout, respectively. The optimum energy ratio was the largest
value of G¤ obtained over the wave number space. As a result of
the analysis, it was found that the optimal disturbances are steady
streamwise vortices.

For the case of a nonparallel incompressible boundary layer,
Luchini8 suggestedcon� ning the optimizationprocedurewithin the
scope of streamwise vortices as initial perturbations and observing
only the streamwisevelocitycomponentat thedownstreamposition.
The procedureassumesan understandingof thephysicalmechanism
leading to transient growth via the lift-up effect and signi� cantly

simpli� es the optimization procedure. Andersson et al.7 did not
prescribe a speci� c initial perturbation, and they showed that their
results agree with Luchini’s results at high Reynolds numbers.

In the present work, we utilize Luchini’s approach for the com-
pressible boundary-layer � ow, and we consider the optimization
procedure in terms of the energy ratio as follows:

G D
Eout

E in
; Ein D

Z 1

0

£
½s.v

2 C w2/
¤

dy

Eout D
Z 1

0

µ
½su

2 C
½2Ts

°½s M2
C

µ 2½s

° .° ¡ 1/Ts M2

¶
dy (5)

In these equations,v and w are scaledwith "U1 as de� ned in Eq. (1).
Because the governing equations (2) do not contain the Reynolds
number, the following results are Reynolds number independent.
One can � nd, similar to the incompressible� ow case,7;8 that at high
Reynolds numbers G D G¤=Re, that is, the ratio G¤=Re is indepen-
dentof the Reynoldsnumber.Employingthe equationof state for the
base � ow and for the perturbations,one can � nd also the following
expression for Eout:

Eout D
Z 1

0

µ
½su

2 C µ 2

.° ¡ 1/T 2
s M2

¶
dy (6)

The optimization procedure employs iterations of the solutions
of the direct and adjoint problems as proposed in Refs. 7 and 8.
Solution of the adjoint problem g satis� es (see Appendix B)

¡ AT gx D
¡
DT gx

¢
y

C BT
0 g ¡

¡
BT

1 g
¢

y
C

¡
BT

2 g
¢

yy
(7)

and the following boundary conditions:

y D 0: g2 D g3 D g4 D g5 D 0

y ! 1: g1 C g2 C 2Vs g3 C g5 C 4
3
g3y D 0 (8)

Equation (7) is parabolic, and one can solve it by means of an
upstream marching procedure with initial data at x D xout.

The modi� ed version of the optimization algorithm from Ref. 7
will include temperature perturbationsand the following steps:

1) Solve Eq. (3) with boundary conditions (2) and initial
conditions

v.xin; y/; w.xin; y/ 6D 0

u.xin; y/ D 0; µ.xin; y/ D 0 (9)

The special form of the in� ow pro� les in Eq. (9) stems from that
the optimal disturbances are associated with streamwise vortices
in the shear � ow. Therefore, v and w in the in� ow will generate the
transient growth due to the lift-up mechanism.

2) The adjoint equations (7) are solved upstream with boundary
conditions (8) and initial data at x D xout as follows:

A11.xout; y/g1.xout; y/ C A21.xout; y/g2.xout; y/

C A51.xout; y/g5.xout; y/ D ½s.xout; y/u.xout; y/

g3 D .xout; y/ D g4.xout; y/ D 0

A14.xout; y/g1.xout; y/ C A24.xout; y/g2.xout; y/

D µ.xout; y/

.° ¡ 1/[Ts .xout; y/M]2
(10)
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where Ai j stands for the i; j element of matrix A. Equations (10)
originate from the conservation law [Eq. (B6) in Appendix B and
derivation in Ref. 7] if one assumes that v.xout; y/ D w.xout; y/ D 0
in accordance with the concept of the optimal disturbances ending
as a streaky structure.7;8 Four equations (10) still can be satis� ed by
various choices of, for example, function g2.xout; y/. In the present
implementation of the algorithm, we choose g2.xout; y/ D 0.

3) Step 1 is repeated with initial data at x D xin , found from the
following equations originating from the conservation law:

v.xin; y/½s.xin; y/ D A32.xin; y/g3.xin; y/

w.xin; y/½s.xin; y/ D A43.xin; y/g4.xin; y/

u.xin; y/ D 0; µ.xin; y/ D 0 (11)

The iterations are carried out with normalization

Ein D
Z 1

0

£
½s.v

2 C w2/
¤

dy D 1

Usually, three iterations are enough to provide accuracy of the en-
ergy ratio G within 1%.

Numerical Procedure
In thepresentwork,we adopt thenumericalprocedurefromRef. 7

that was used for the analysis of optimal disturbances in a Blasius
boundary layer.

Equation (3) is approximated in the streamwise direction with a
fully implicit � nite difference scheme of the second order (except
for the � rst step)

3
2

.Af /n C 1 ¡ 2.Af /n C 1
2

.Af /n ¡ 1 D 3
2

³
D

@f
@y

´n C 1

¡ 2

³
D

@f
@y

´n

C
1

2

³
D

@f
@y

´n ¡ 1

C 1x

"

.B0 f /n C 1 C
³

B1
@ f
@y

´n C 1

C
³

B2
@2f
@y2

´n C 1
#

; n D 1; : : : ; J ¡ 1 (12)

.Af /1 ¡ .Af /0 D
³

D
@f
@y

´1

¡ 2

³
D

@f
@y

´0

C 1x

"

.B0f /1 C
³

B1
@f
@y

´1

C
³

B2
@ 2f
@y2

´1
#

(13)

where 1x D 1=J is the step along the streamwise coordinate.
At each streamwise coordinate x , we solve the one-dimensional
boundary-value problem along the coordinate y using the spectral
collocation method with Chebyshev polynomials. The Chebyshev
interval was transformed to the domain 0 · y · ymax . The result-
ing linear algebraic system for the coef� cients was solved using
the routine DLSARG from the IMSL FORTRAN Library. After
comparison of results with different ymax, different steps along x ,
and different numbers of Chebyshev polynomials, N , the values
ymax D 100, J D 100, and N D 100 were chosen for the presentanal-
ysis. At theseparameters,our resultswere graphicallyindistinguish-
able from results obtained at J D N D 200. The same numerical
scheme was applied for the discretizationof Eq. (7).

Results
The main results of Refs. 5, 7, and 8 were repeated to validate

the new model. To begin, we consider parallel boundary-layer� ow
as in Ref. 5. For this purpose, we chose Us .x; y/ D Us.xout; y/,
Ts .x; y/ D Ts.xout; y/, and Vs D 0. Figure 1 shows a comparison of
the optimal energy ratio vs x from Ref. 5 (M D 0/ and the present
model (M D 0:02/ at¯ D 0:45.Figure2 isa comparisonof the results

Fig. 1 Comparison of present model with Ref. 5 (¯ = 0:45).

Fig. 2 Comparison of present model with Ref. 5 (¯ = 0.2).

Fig. 3 Comparison of present model with Ref. 7; optimal energy vs
wave number.

at M D 3 andadiabaticwall conditions.The slightdiscrepancymight
be attributedto thedifferentgoverningequations(linearizedNavier–
Stokes equations in Ref. 5 and linearizedboundary-layerequations
in the presentmodel). The comparisons also serve as veri� cation of
ourpreviousresults,5 inasmuchas we repeat themby an independent
method.Note that the parallel � ow model in Ref. 5 employeda com-
pleteness of the eigenfunction system. (The solution was spanned
on a � nite numberof eigenmodes.) The comparisonsin Figs. 1 and 2
actually demonstrate that the completeness theorem does work.

A comparison of the present model (nonparallel � ow effects in-
cluded) and the results of Ref. 7 for optimal energy growth vs span-
wise wave number ¯ is shown in Fig. 3. Figure 4 is a compari-
son of the results for the optimal energy ratio vs the downstream
coordinate x . We also compare optimal velocity pro� les jvj and jwj
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Fig. 4 Comparison of present model with Ref. 7 (¯ = 0.45); optimal
energy vs coordinate x.

Fig. 5 Comparison of present model with Ref. 8 (¯ = 0.45); optimal
input velocity pro� les v and w.

Fig. 6 Comparison of present model with Ref. 8 (¯ = 0.45); optimal
output velocity pro� le u.

at x D xin and u at x D xout from Ref. 8 and the present model at
M = 0.02 in Figs. 5 and 6. The agreement of results obtained in
Refs. 7 and 8 with the results obtained including compressibility
and nonparallel � ow effects veri� es the new model. Also, Figs. 3–6
demonstrate that the present theoreticalmodel allows analysisof an
incompressible� ow usinga small Mach number in the calculations.

Because the new model has been veri� ed, we now consider re-
sults obtained in compressible boundary layers including nonpar-
allel � ow effects. Figures 7 and 8 demonstrate temperature effects
on the optimal energy growth in subsonic (M D 0:5) and supersonic
(M D 3) boundary layers. The results are qualitativelyand quantita-
tively similar to those obtained in the parallel � ow approximation.5

The comparisons of the new results (Figs. 7 and 8) with results in
Ref. 5 indicate that the nonparallel � ow effects probably are not
signi� cant for estimates of transient growth. However, the parallel
� owapproximation,in additionto thediscrepanciesin themaximum

Fig. 7 Effect of wall temperature on the optimal energy growth
(M = 0.5, xin = 0, and xout = 1).

Fig. 8 Effect of wall temperature on the optimal energy growth
(M = 3.0, xin = 0, and xout = 1).

Fig. 9 Effect of wall temperature on the temperature streak growth
(M = 3.0, ¯ = 0.35, xin = 0, and xout = 1).

of the energy growth and in its location downstream, does not an-
swer how experimental and theoretical data can be compared on a
length scale of order L.

The wall temperature effect on the velocity and temperature per-
turbations was not investigated in Ref. 5. Here, we present the new
results including the nonparallel� ow effects.Figures9 and 10 show
the temperature and streamwise velocity perturbations at xout D 1.
The corresponding optimal perturbations of v and w at xin D 0 are
demonstrated in Figs. 11 and 12, respectively. It is interesting that
the optimal inputs corresponding to Tw=Tad D 0.25 and 1.00 are al-
most the same, whereas the output pro� les are strongly affected by
the temperature factor.

Figure 13 demonstrates the effects of spanwise wave number and
the initial coordinatex D xin . There is anoptimalwavenumber¯ and
an optimal starting point, x D xin (The starting point effect was also
foundindependentlyby Levin and Henningson11 for incompressible
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Fig. 10 Effect of wall temperature on the velocity streak growth
(M = 3.0, ¯ = 0.35, xin = 0, and xout = 1).

Fig. 11 Effect of wall temperature on the optimal input normal veloc-
ity growth (M = 3.0, ¯ = 0.35, xin = 0, and xout = 1).

Fig. 12 Effect of wall temperature on the optimal input spanwise ve-
locity growth (M = 3.0, ¯ = 0.35, xin = 0, and xout = 1).

Fig. 13 Effect of starting point xin and wave number on the optimal
energy growth (M = 3.0).

Fig. 14 Comparison of optimal and nonoptimal initial perturbations;
velocity pro� les v and w correspond to the optimal conditions at xin = 0
and xout = 1 (M = 3.0 and ¯ = 0.35).

Fig. 15 Comparison of optimal and nonoptimal initial perturbations;
velocity pro� les v and w correspond to the optimal conditionsat xin = 0.4
and xout = 1 (M = 3.0 and ¯ = 0.35).

boundary layers.) The result means that if one would like to employ
the transientgrowth mechanismby placingvortex generatorson the
wall, there is an optimal spacing in the spanwise direction and an
optimal location from the leading edge.

One can expect that the initial velocity pro� les in real experi-
ments will not � t precisely the optimal perturbations. Therefore, it
is interesting to compare downstreamdevelopmentsof optimal and
nonoptimal disturbances. In Fig. 14, we use initial pro� les of v and
w corresponding to the optimal conditions at xin D 0 and xout D 1,
applying them at xin D 0:4 and xin D 0:8. In Fig. 15, we compare
results with xin D 0, 0.4, and 0.8, when initial pro� les correspondto
optimalperturbationsat xin D 0:4 and xout D 1. These resultsindicate
that comparisonsof theoreticalpredictionswithin the concept of the
optimal perturbations with experimental data might be sensitive to
a deviation of the perturbationpro� les from the optimal ones.

Conclusions
The present model of optimal transient growth is an extension of

the model in Ref. 8 to the case of compressible boundary layers.
Comparisons with the new results (Figs. 7 and 8) with results of
Ref. 5 obtained within the scope of the parallel � ow approximation
indicatequalitativeand quantitativeagreement. This means that the
parallel� ow theorycanbeusedforestimationof the transientgrowth
phenomenonin subsonicand supersonicboundary layers.However,
the parallel � ow approximation does not provide correct values for
the maximum of the energy growth or for its location downstream.
Also, the parallel � ow model does not answer how experimental
and theoretical data can be compared on a length scale of order L.

The optimal perturbations are associated with streamwise vor-
tices, and their effect on the � ow results in velocity and tempera-
ture streaks.The new resultsdemonstrate that wall temperaturemay
stronglyaffect the temperaturepro� les of the perturbations,whereas
pro� les of the optimal perturbationsat the input might be close.The
latter phenomenon is associatedwith the temperature redistribution
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across the boundary layer due to the presence of the streamwise
vortices.

In addition to the optimal spacing of the streamwise vortices,
there is an optimal starting point xin . This means that, if one wishes
to employ the transientgrowth mechanism in tripping the boundary
layer (for example,by a tinyvortexgenerator), it will be necessaryto
� nd the optimal spacing within the boundary layer and the optimal
location from the leading edge.

In the present work, only examples of boundary layers over a
� at plate have been considered. The effects of pressure gradient
including nonparallel � ow effects should be addressed in future
research.

Appendix A: Nonzero Elements
of the Matrices in Eq. (3)

The equations of state and scaling (1) lead to the following rela-
tionship between perturbationsof density ½ and temperature µ :

½ D ¡µ
¯

T 2
s

The normal velocity component of the base � ow is scaled with
"U1, and the corresponding function Vs has O.1/. Viscosity ¹s

is assumed to be a function of temperature, and ¹0
s stands for the

derivative d¹s=dTs .
Transformationsof the linearized equations lead to the following

matrix elements.
The continuity equation:

A11 D ½s; A14 D ¡½2
s Us

B12
0 D ¡

@½s

@y
; B13

0 D ¡¯½s; B14
0 D

@

@y

¡
½2

s Vs

¢

B12
1 D ¡½s; B14

1 D ½2
s Vs

The x-momentum equation:
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Appendix B: Derivation of the Adjoint Equation
Integration of the scalar product of vector g and Eq. (3) over the

domain .xin; xout/ £ .0; ymax/ leads to the following equation:

0 D
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To satisfy Eq. (B1), we demand that g satis� es the adjoint
equation

¡ AT gx D
¡
DT gx

¢
y

C BT
0 g ¡

¡
BT

1 g
¢

y
C

¡
BT

2 g
¢

yy
(B2)

This equation provides nulli� cation that the � rst term on the right-
hand side of Eq. (B1) is equal to zero. The next step is to formulate
the boundary conditions at y D 0 and y D ymax , leading to the last
term in Eq. (B1) being equal to zero. Consideration of this term at
y D 0 together with the boundary conditions (2) leads to the follow-
ing boundary conditions for the adjoint:

y D 0: g2 D g3 D g4 D g5 D 0 (B3)

Boundary conditions for Eq. (B2) at y D ymax stem from considera-
tion of the same term and the boundary conditions (2) at y D ymax.
There are a few more terms that should be addressed. As the re-
sult of a � nite value for v.x; ymax/, one can arrive at the following
boundary condition for Eq. (B2):

y ! ymax : g1 C g2 C 2Vs g3 C g5 C 4
3
g3y D 0 (B4)

There are also other terms having u y , vy , wy , and µy as coef� cients.
In the case of ymax ! 1, the derivatives must tend to zero, and
therefore, there are no additional boundary conditions for Eq. (B2).
The boundary conditions (B3) and (B4) are similar to the boundary
conditions in Ref. 8 except for the additional condition on the wall.
In all cases, for numerical implementation,the boundaryconditions
at y D 0 and y D ymax are supplemented by equations from system
(3) at y D 0 and y D ymax to provide � ve equations at both ends of
the interval [0; ymax].

Finally, Eq. (B1) leads to the following conservation law:Z ymax

0

f T .xout/AT .xout/g.xout/ dy

¡
Z ymax

0

f T
y .xout/DT .xout/g.xout/ dy

D
Z ymax

0

f T .xin/AT .xin/g.xin/ dy

¡
Z ymax

0

f T
y .xin/DT .xin/g.xin/ dy (B5)

Because the iteration procedure (9–11) employs u.xin/ D 0 and
g3.xout/ D 0, the terms associated with matrix D in Eq. (B5) are

equal to zero, and the conservation law has the same form as in the
case for incompressible � ow,7

Z ymax

0

f T .xout/AT .xout/g.xout/ dy D
Z ymax

0

f T .xin/AT .xin/g.xin/ dy

(B6)

One can follow the analysis of Ref. 7 to show the consistencyof the
iteration scheme (9–11) with Eq. (B6).
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